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1
I. INTRODUCTION
In our work [1] we calculated the interparticle potentials for sources with spin-1/2 and
spin-1 (in the vector and tensor representations) in the non-relativistic (NR) regime. Our
objective was to understand the role of the spin in these interactions, a task only possible if
one goes beyond the static limit in the amplitudes.
The passage from the fully relativistic to the NR amplitude is accomplished via [2]
MNR =
∏
i=1,2
(2Ei)
−1/2
∏
j=1′,2′
(2Ej)
−1/2M (1)
where, in [1], we used MNR ≡ A. Here M is the amplitude obtained from the corre-
sponding Feynman diagram. The energy-dependent pre-factors are corrections to the NR
normalization of states. These factors are fundamental to correctly obtain the NR interpar-
ticle potentials up to a given order – this is specially true if we want to go up to O(|~p|2/m2),
as is the objective in [1]. There we erroneously approximated the 1/
√
2E factors by 1/
√
2m,
which was inconsistent with the approximation level of O(|~p|2/m2) used for the rest of the
amplitudes (and sources/currents). Incidentally, these factors were accounted for in the
overall normalization of the wave functions, hence the normalizations stated in [1]: Nf = 1,
NW = 1/
√
2m and NB = 1/2
√
m.
For the sake of completeness, we explicitly state the wave functions and their correct
relativistic normalizations. The positive-energy solution for a spin-1/2 fermion (eq.(6) in
[1]) is
u(P ) =
√
E +m

 ξ
~σ·~P
E+m
ξ

 (2)
with ξ being the basic spinor normalized to u†(P )u(P ) = 2E. For the vector representation
of a massive spin-1 boson (eq.(13) in [1]), we have
W µ(P ) =
[
1
m
~P · ~ǫ , ~ǫ+ 1
m(E +m)
(~P · ~ǫ) ~P
]
, (3)
whereas, for the tensor representation (eqs.(52) and (53) in [1]):
B0i =
1√
2m
ǫijk~ǫj ~Pk (4)
Bij =
1√
2
{
ǫijk~ǫk +
1
m(E +m)
[
~Pi
(
~ǫ× ~P
)
j
− ~Pj
(
~ǫ× ~P
)
i
]}
. (5)
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In the two previous cases, ~ǫ stands for the polarization 3-vector. Furthermore, in order
to satisfy the spin algebra for s = 1, we have to use (Si)jk = −iǫijk, but in our work we
erroneously considered the spin operator with the opposite sign, so one should take Si → −Si
in our previous results.
II. CORRECTING THE POTENTIALS
With the observations above we are able to devise an effective correction factor for each
of the three cases discussed in [1]. Since there we assumed Nf = 1, we must include the
correct normalization, Nf =
√
E +m, as well as the 1/
√
E factors from eq.(1) – similar
considerations apply to the case of spin-1 fields. The ratio of these factors is approximately
one up to O(|~p|/m1,2), but not up to O(|~p|2/m21,2), and this will induce extra momentum-
dependent contributions to the amplitudes, therefore modifying some parts of the potentials.
Besides these corrections, we shall also include contact terms coming from Dirac delta
contributions of the following Fourier transforms:∫
d3~q
(2π)3
~qi~qj
~q 2 +m2
ei~q·~r =
δij
3
δ(3) (~r) +
e−mr
4πr3
[
δij(1 +mr)− rˆirˆj(m2r2 + 3mr + 3)
]
(6)∫
d3~q
(2π)3
~q 2
~q 2 +m2
ei~q·~r = δ(3) (~r)− m
2e−mr
4πr
, (7)
which are the massive generalizations of the “massless” results from [3].
In what follows we list the corrections – indicated by ∆V – that must be added to some
of the potentials given in [1]. The mass of the mediator, m, corresponds to either mφ or mA,
as the case may be. We also highlight here that not all the potentials from [1] are affected
and in this note we only indicate those which are modified.
A. Potentials (spin-1/2)
The correction factors for spin-1/2 sources usually do not affect monopole-dipole terms,
as these originate from the lower, momentum-dependent, “small” component of the positive-
energy spinor (cf. eq.(2)). Accordingly, the S−PS and V −PV potentials from [1] are not
affected.
3
The other potentials receive partial corrections, specially in the monopole-monopole and
dipole-dipole terms. For the sake of convenience, we define the function
I(r) ≡ 1
4
(
1
m21
+
1
m22
) (
~p 2 − m
2
4
)
e−mr
4πr
(8)
so that the corrected potentials, eqs.(25), (30)1, (44) and (45) in [1], are respectively:
∆V
s=1/2
S−S = g
1
Sg
2
S δ1δ2 I(r) (9)
∆V
s=1/2
PS−PS = −g1PSg2PS
〈~σ〉1 · 〈~σ〉2
12m1m2
δ(3) (~r) (10)
∆V
s=1/2
V−V = −e1e2
{
δ1δ2 I(r) +
[
δ1δ2
8
(
1
m21
+
1
m22
)
+
〈~σ〉1 · 〈~σ〉2
6m1m2
]
δ(3) (~r)
}
(11)
∆V
s=1/2
PV−PV = +g
1
PV g
2
PV 〈~σ〉1 · 〈~σ〉2
{
I(r) +
[
1
8
(
1
m21
+
1
m22
)
− 1
m2
]
δ(3) (~r)
3
}
(12)
In eq.(9) the correction term modifies the full potential by eliminating a momentum-
independent monopole-monopole term ∼ m2
(
1
m2
1
+ 1
m2
2
)
e−mr
4πr
. A similar modification, but
momentum dependent, takes place in eq.(11). For the other potentials the modifications
involve spin-spin interactions, mostly coupled to contact terms.
B. Potentials (spin-1)
The case of spin-1 is simpler relative to the one from spin-1/2, since the normalization
factors are energy independent. The corrections to the affected potentials (vector and tensor
representations) are presented below.
1. Vector representation
1 As mentioned below eq.(30) in [1], the PS-PS potential for s = 1/2 has the same functional form as the
PS-PS potential for s = 1.
4
We initiate with the corrections for the vector representation. The corrections to the
eqs.(28), (30), (47) and (48) in [1] are respectively
∆V s=1S−S =
g1Sg
2
S
2
δ1δ2
m1m2
{
I(r)− 1
48
(
1
m21
+
1
m22
)
δ(3) (~r)
}
(13)
∆V s=1PS−PS = −g1PSg2PS
〈~S〉1 · 〈~S〉2
3
δ(3) (~r) (14)
∆V s=1V−V = −e1e2
{
2δ1δ2 I(r) +
[
2
3
〈~S〉1 · 〈~S〉2
m1m2
+
δ1δ2
6
(
1
m21
+
1
m22
)]
δ(3) (~r)
}
, (15)
∆V s=1PV−PV = g
1
PV g
2
PV
〈~S〉1 · 〈~S〉2
12m1m2
δ(3) (~r) (16)
whereby, in eq.(15), I(r) cancels another term in eq.(47) from [1].
2. Tensor representation
Now we present the corrections for the tensor representation. The correction to the PS-
PS potential in this representation is ∆V s=1PS−PS/4m
2
1m
2
2 (cf. eq.(14)). Also, the correction
to the PV-PV potential in this representation is the same as in eq.(16).
In [1] eqs.(65) receive the respective corrections:
∆V s=1S−S =
g1Sg
2
S
2
δ1δ2
m1m2
{
I(r)− 5
48
(
1
m21
+
1
m22
)
δ(3) (~r)
}
(17)
∆V s=1V−V = −e1e2
{
2δ1δ2 I(r) +
[
2
3
〈~S〉1 · 〈~S〉2
m1m2
+
δ1δ2
3
(
1
m21
+
1
m22
)]
δ(3) (~r)
}
. (18)
We note that the correction in eq.(18) excludes one momentum-dependent term, associ-
ated with ~p 2
(
1
m2
1
+ 1
m2
2
)
e−mr
4πr
, in the V-V potential in eq.(65) from [1].
5
III. CONCLUDING REMARKS
In this short note we presented the corrections to some of the results given in Ref. [1].
The corrections introduced affect mostly the monopole-monopole sectors (e.g., eqs.(9), (13)
and (17)) and introduce new spin-dependent contact terms.
The general conclusions presented in [1] remain unaltered: in general, the interparticle
potentials associated to non-relativistic spin-1/2 and spin-1 sources present similarities, spe-
cially in the spin-spin (dipole-dipole) sectors of the S − S, S − PS, PS − PS and V − V
interactions. The most important modifications are due to the presence of contact terms,
but these do not play a role in macroscopic interactions.
[1] P.C. Malta, L.P.R. Ospedal, K. Veiga and J.A. Helaye¨l-Neto, ‘Comparative aspects of spin-
dependent interaction potentials for spin-1/2 and spin-1 matter fields, Adv. High Energy Phys.
2016, 2531436 (2016).
[2] M. Maggiore, A modern introduction to quantum field theory, Oxford University Press (2005).
[3] G.S. Adkins, Three-dimensional Fourier transforms, integrals of spherical Bessel functions, and
novel delta function identities, arxiv:math-ph/1302.1830.
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1
I. INTRODUCTION
Back to 1950, the paper by Matthews and Salam [1] and the subsequent works by Salam in
1952 [2] clarified the quantum field-theoretical approach to the electrodynamics of (massive)
charged scalar particles. Ever since, the problem of extending this investigation to include
the case of (massive) charged vector particles became mandatory in view of the theoretical
evidence for the role of charged and neutral spin-1 particles that should couple to the charged
and neutral currents.
From 1960, Komar and Salam [3], Salam [4, 5], Lee and Yang [6] and Delbourgo and Salam
[7], gave a highly remarkable push for the understanding and construction of a fundamental
theory for the microscopic interaction between charged vector bosons and photons. Further
works by Tzou [8], Aronson [9] and Velo and Zwanziger [10] summed up efforts to the previous
papers and the final conclusion was that a consistent unitary and renormalizable quantum
field-theoretical model would be possible only in a non-Abelian scenario with a Higgs sector
that spontaneously breaks the gauge symmetry to give mass to the vector bosons, without
spoiling the unitarity bounds for the cross section of the scattering of longitudinally polarized
charged vector bosons [11].
Here, we adopt this framework: the electrodynamics of (massive) charged vector bosons
with a non-minimal dipole-type term coupling to the gauge field. In the case of the massless
photon, this ensures a g = 2−value for the g-ratio of spin-1 particles. We should however
point out that this dipole-type interaction is non-minimal from the viewpoint of an Abelian
symmetry; if we take into account the local SU(2) symmetry that backs the plus- and minus-
charged vector bosons, the dipole coupling in the action is actually a minimal (non-Abelian,
SU(2)) interaction term after spontaneous symmetry breaking has taken place.
In the present paper, our main effort consists in pursuing a detailed investigation of
the semi-classical aspects of the charge and spin interactions for massive charged matter
of a vector nature. Our central purpose is to compare the features and specific profiles of
the influence of the spin of the charge carriers on interaction potentials (electromagnetic
or a more general U(1) interaction) between two different categories of sources/currents:
fermionic and spin-1 bosonic. We shall present the conclusions of our comparative procedure
at the end of our calculations.
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At this point, we highlight that the literature in the topic contemplates a great deal of
articles discussing the structure of the electromagnetic current and electrodynamical aspects
of spin-1 charged matter [12]-[22]. We pursue an investigation of an issue not considered in
connection with spin-1 charged matter: the spin- and velocity-dependence of the interaction
potential associated with (pseudo-)scalar sources and pseudo-vector currents that interact by
exchanging scalar and vector mediators, respectively. For the spin-1, these specific cases have
not been addressed to in the literature. These extra sources/currents may not necessarily
be associated to the electromagnetic interaction in that they do not follow from the U(1)
symmetry of the electromagnetism. We may be describing a new force between these extra
sources/current whose origin could be traced back to some more fundamental physics. The
case of the usual vector current is reassessed here and our results match with the ones in the
literature. It is worthy mentioning that fermionic sources/currents can display a wide range
of spin- and velocity-dependent interparticle potentials [23][24][25], and several of them have
been reconsidered in this article.
The electrodynamics of ordinary fermionic matter is very well understood, from the
macroscopic to the quantum level. Scalar and vector bosonic charged matter, on the other
hand, experience a richer variety of interactions when coupled to the electromagnetic field. So
far, most of the theoretical and experimental literature dealing with macroscopic interactions
consider only spin-1/2 matter, i.e., fermionic sources/currents [26]-[29]. This preference is
naturally due to the fact that ordinary charges in matter are carried by electrons. Elementary
spin-1 charged particles are difficult to observe, since the only known examples are the W±
gauge bosons, whose mass is too large - and lifetime too short - to allow direct inspection (its
full width is ΓW ∼ 2GeV [30]). Though not stable enough to be directly handled, elementary
spin-1 particles have, in principle, their own electrodynamics and it is of theoretical interest
to study how it deviates, or not, from its fermionic counterpart. On the other hand, at
the atomic and nuclear level, it would be a good motivation to have a spin- and velocity-
dependent expression for the electromagnetic potential between ionised spin-1 (charge = ±1)
atoms and charged spin-1 nuclei or hypernuclei [31][32].
We highlight here a particular feature of bosonic charge carriers as far as the electro-
magnetic interactions are concerned. From a purely macroscopic point of view, the Maxwell
equations address the problem of determining field configurations from given charge and
current densities and a number of duly specified boundary conditions. They do not take
3
into account the microscopic nature of these sources (ρ and ~j, respectively). If a microscopic
description of charged matter in terms of classical fields is given (based on a local U(1)
symmetry), the particular aspects of the charge carriers become salient and London-type
terms [33] may arise. We shall be more specific about this point at the final Section of our
paper, where we render more evident the peculiarities of the spin of the charge carriers in
the electromagnetic and general Abelian interactions.
Our paper is outlined as follows: in Section II, we introduce the concept of potential
and briefly discuss the kinematics involved, as well as present the notations and conventions
employed. In Section III, we calculate the sources/currents and potentials, discussing the
similarities between spin-1/2 and spin-1 matter. We consider, in Section IV, another possible
field representation for the spin-1 charged carrier, namely via a rank-2 tensor field, and we
also work out the corresponding source/current−source/current interaction potentials. We
present our conclusions and perspectives in Section V. Natural units are adopted throughout,
where ~ = c = 1, and we assume ǫ0123 = +1.
II. METHODOLOGY
Since we are interested in comparing the low-energy behavior of spin-1/2 and spin-1 as
the interacting matter sector, it is convenient to work in the non-relativistic (NR) limit of the
interactions. For simplicity we choose to work in the center of mass (CM) reference frame,
in which particle 1 has initial and final 3-momenta given by ~P = ~p− ~q/2 and ~P ′ = ~p+ ~q/2,
respectively. Here, ~p is the average momentum of particle 1 before and after interaction,
while ~q is the momentum transfer carried by the intermediate boson - see Fig.(1).
FIG. 1. Momenta assignments for the tree-level interaction between sources/currents 1 and 2.
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The potential is calculated through the first Born approximation [34], i.e. the Fourier
transform of the amplitude, A(~q,m~v), with respect to the momentum transfer
V (r) = −
∫
d3~q
(2π)3
A(~q, ~p)ei~q·~r, (1)
where we explicitly assume that the amplitude contains terms dependent on the velocity of
particle 1. It is clear from the NR approximations of the sources/currents presented below
that not only velocity-dependent terms will arise in the potentials, but also spin-dependent
ones. This is due to our choice of keeping terms in the currents which go beyond the zeroth
order, thus static, case [35].
In what follows, we shall consider only elastic interactions, which, together with energy
conservation, imply q0 = 0 and ~p · ~q = 0, pointing out that q is a space-like 4-vector:
q2 = −~q 2. Furthermore, in the amplitude we will keep only terms up to second order in
|~p|/m1,2.
The Feynman rules for the tree-level diagram above are equivalent to taking iJ1,2 as the
interaction vertices, where J1,2 are the matter sources/currents associated with particles 1
and 2, respectively. The corresponding amplitude may then be written as
A = iJ1〈prop.〉J2, (2)
where 〈prop.〉 is the momentum-space propagator of the intermediate boson with adequate
Lorentz indices as the case may be. In this paper, we are interested in interactions mediated
by massive neutral scalars (Klein-Gordon-type) and spin-1 vector particles (Proca-type),
whose momentum-space propagators are:
〈φφ〉 = i
q2 −m2φ
(3)
and
〈AµAν〉 = −i
q2 −m2A
(
ηµν − qµqν
m2A
)
. (4)
The sources/currents J1 and J2, as representatives of the respective vertices, must trans-
late the different possible couplings to the gauge sector: scalar, pseudo-scalar, vector and
pseudo-vector. The vector currents are obtained from the Lagrangian through the Noether
method, but, for the bosonic case, we consider only first order in the electromagnetic cou-
pling constant, e, since we wish to compute A to second order in e. We shall discuss this
in more details in Subsection B. The other sources/currents are built based on the principle
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that they should be bilinear in the field and its complex conjugate and reflect the desired
symmetry.
Below, we recall some basic properties from spin-1/2 and spin-1 starting from the rest
frame where the essential degrees of freedom become apparent, and then Lorentz-boosting
it to the LAB frame. This will be important when we calculate the NR limit of each
source/current and then apply them to extract the interparticle potential. Here, we choose
to work the spin-1 in its vector field representation, but, in Section IV, we shall discuss it
in its less usual tensor field representation [19][20][36].
A. Spin-1/2
For the sake of completeness, we present the well-known properties of Dirac fermions.
The Dirac equation for the positive-energy spinors is, in momentum-space,
[γµPµ −m] u(P ) = 0 (5)
with the corresponding equation for the spinor conjugate, u¯ ≡ u†γ0, with the attribution
u¯ = u¯(P ′). By using the gamma matrices in the Dirac representation, the positive-energy
spinor can be explicitly written in the NR limit as
u(P ) ≃ Nf

 ξ
~σ·~P
2m
ξ

 , (6)
with ξ are the basic spinors satisfying ξ†rξs = δrs and Nf denotes a normalization constant.
Manipulating eq.(5) and its conjugate, we obtain the Gordon decomposition of the vector
current,
u¯γµu =
pµ
m
u¯u+
i
m
qν u¯Σ
µν u (7)
expressed in terms of the more convenient variables p ≡ (P + P ′)/2 and q ≡ P ′ − P , where
we defined the spin matrix as Σµν ≡ i
4
[γµ, γν ]. Similar decompositions are also possible for
other types of bilinear forms: for example, using eq.(5) and its conjugate, we show that
qµ u¯γ
µγ5u = 2mu¯γ5u . (8)
The Gordon decomposition of the vector current associated with the Noether theorem,
eq.(7), yields a first term proportional to the density of the field (∼ |u|2), while the second
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one presents a coupling between momentum transfer, q, and the spin matrix, Σµν , of the
respective representation. This connection will be responsible for the zeroth order magnetic
dipole moment interaction of the lepton with gyromagnetic ratio g = 2 [37]. Interestingly
enough, this simple structure found for the Gordon decomposition for the spin-1/2 will have
a perfect analog in the spin-1 case, if we correctly include a non-minimal coupling - see
Subsection B.
Our interparticle potentials shall be derived from the (effective) Lagrangian describing
the interactions between the exchanged (scalar or vector) particles and the sources/currents
of the fermionic particle. It reads as follows below:
Ls=1/2int = ψ¯ [(gS + gPSiγ5)φ+ (gV γµ + gPV γµγ5)Aµ]ψ, (9)
where the different couplings are all dimensionless. The scalar (S) and pseudo-scalar (PS)
sources are not conserved and, since we are dealing with a massive Dirac field, we also have a
non-conserved pseudo-vector (PV) current (see eq.(8)). As pointed out by Boulware [38], the
Proca-type field, whenever coupled to a conserved current, leads to a renormalizable model.
For this reason, we shall consider the coupling between the PV− current and Proca-type
field as an effective interaction. The UV divergence does not harm our purposes here, since
we are interested in the low-energy regime described by the interparticle potential. Actually,
our external (on-shell) sources/currents are tailored in the NR regime, meaning that we are
working much below the scale where UV divergences show up. Henceforth we shall denote
the coupling constant gV ≡ e whenever considering the electromagnetic interaction.
B. Spin-1
In the previous Subsection, we have revised some basic aspects concerning spin-1/2 par-
ticles. Here, we would like to follow up with a similar discussion for massive charged spin-
1 particles in order to comparatively study how differently (or not) spin-1/2 and spin-1
sources/currents interact in the NR limit.
We start off discussing the vector field representation for a massive charged spin-1 particle,
whose dynamics can be obtained from the following Lagrangian:
Lvec. = −1
2
W∗µνWµν +m2W ∗µW µ + ie(g − 1)W ∗µWνF µν (10)
7
where m is the mass and Wµν the gauge-covariant field strength, given by DµWν −DνWµ,
with Dµ = ∂µ + ieAµ. The last term in eq.(10) is a non-minimal coupling between the
bosonic matter fields and the field-strength of the interaction mediator and its importance
lies in the fact that it asserts that g = 2 in tree-level for the spin-1 particle [39][40][41] (see
also references therein).
The fieldW µ =
(
W 0, ~W
)
has, in principle, four degrees of freedom and these are reduced
through the constraints introduced by the equations of motion, which read
DµWµν +m2W ν − ie(g − 1)WµF µν = 0 (11)
with analogue ones for the complex conjugated field. Our goal is to characterize the
source/current− source/current interaction and for this, at tree-level, the aforementioned
free source/current are to be described by bilinears in the spin-1 matter fields, where the
derivatives are the ordinary ones. In other words, since the asymptotic states are the particle
states composed only of W fields (we are now taking the free field equations), we have the
subsidiary condition ∂µW
µ = 0. This constraint is better seen in momentum-space, where
we have ∂µ = −iPµ, so that
W 0 =
1
E
~P · ~W, (12)
where, in order to avoid a cumbersome notation, we have used the same symbol to denote the
field in position- and momentum-space, as there is no risk of confusion. This equation relates
different components of the vector field and shows that the time-component is proportional
to the longitudinal projection of ~W and that W 0 is first-order in velocity, playing the role
of a “small” component similar to the spin-1/2 case. It also allows us to write W µ in its
rest frame as W µrest = NW (0,~ǫ), where ~ǫ stands for the dimensionless polarization 3-vector
in the rest frame of the free particle and NW is a normalization constant.
The next step is to bring the system from rest into motion (i.e., to the LAB frame) via
an appropriate Lorentz transformation. In doing so, we obtain
W µlab = NW
[
1
m
(~P · ~ǫ) , ~ǫ+ 1
m(E +m)
(~P · ~ǫ)~P
]
(13)
and with this, two comments are in order:
• Eq.(12) tells us that, in the rest frame (where ~P = 0), all the information about the
vector field is contained in its spatial part. In this frame the only 3-vector available is
the polarization, i.e., its spin, which again enforces the vector character of the field.
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• The normalization constant is given by NW = 1/
√
2m.
We wish to make some considerations on the vector currents, both global and local,
associated to the Lagrangian (10). At the global stage, i.e., prior to the gauging of the U(1)
symmetry, the Noether current (in configuration-space) reads
Jµglobal = ie (W
∗µνWν −W µνW ∗ν ) , (14)
where no covariant derivative is involved, so Wµν ≡ ∂µWν − ∂νWµ. Upon the gauging of the
symmetry, and by including the non-minimal coupling g-term, the current changes into
JµV = ie (W∗µνWν −WµνW ∗ν ) + ie(g − 1)∂ν (W νW ∗µ −W ∗νW µ) . (15)
Now, an important remark concerning current conservation: to calculate the current-
current potential at the tree-level approximation (one-boson exchange), as we are doing here,
we actually only consider the current to the first order in e. This amounts to neglecting the
terms in the gauge potential present in the current in eq.(15). In other words: to calculate
the potential to order e2, we consider the current only up to order e. Therefore, to the
desired order in the coupling constant, the vector current is the globally conserved one, plus
the non-minimal g-term. At this perturbative level, the current JµV is given by the global
and non-minimal terms, as displayed in the second line of eq.(16) below:
Ls=1int =
[
gSW
∗
µW
µ + gPSW
∗
µνW˜
µν
]
φ+
+ igV [W
∗µνWν −W µνW ∗ν + (g − 1)∂ν (W νW ∗µ −W ∗νW µ)]Aµ +
+ igPV
[
W˜ ∗µνWν − W˜ µνW ∗ν
]
Aµ, (16)
where the coupling constants have the following canonical mass dimensions: [gS] = −[gPS] =
1 and [gV ] = [gPV ] = 0, and the interactions between the sources/currents and the mediating
(scalar or vector) bosons are all displayed.
By using the equations of motion and the (free) subsidiary conditions, we may re-write
the vector current in momentum space as
JµV (p, q) = 2ep
µW ∗νW
ν + iegqνW
∗α (ΣµνV )αβ W
β (17)
in which (ΣµνV )αβ ≡ i
(
δµαδ
ν
β − δναδµβ
)
stands for the spin matrix in the
(
1
2
, 1
2
)
-representation of
the Lorentz group and, as for the spin=1/2 case, we have set gV ≡ e. In the equation above
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we left the g-factor explicit but in the NR limits we shall use its tree-level value, g = 2.
Eq.(17) is nothing but the Gordon decomposition for the vector field representation of a
massive and charged spin-1 and the similarity with the spin-1/2 case, eq.(7), is remarkable.
This Gordon decomposition for spin-1 particles was found independently and agrees with
the results of Ref.[19].
We denote the dual of Wµν , as given in the PS− and PV− couplings in eq.(16), by
means of W˜µν ≡ 12 ǫµναβW αβ . We also emphasize that the (global) PV− bosonic current is
conserved in a topological sense, i.e., without making use of either the equations of motion
or the symmetries of the Lagrangian. As in the case of spin-1/2, the S− and PS− sources
for spin-1 are equally not conserved.
In the next Section, we discuss the momentum-space sources/currents for spin-1/2 and
spin-1 in the NR limit and calculate the interparticle potentials generated by the exchange
of scalar and vector mediating bosons.
III. NON-RELATIVISTIC CURRENTS AND POTENTIALS
Following the indications above, we present below the NR limit of the sources/currents,
which may be extracted (in configuration-space) from Lagrangians (9) and (16) as Jφ or
JµA
µ, as the case may be. In the following, the fields are already normalized with Nf = 1
and NW = 1/
√
2m. From now on, for the sake of clarity, we shall adopt the variables {p, q}
instead of {P, P ′}, so u(P ) = u(p − q/2) and u¯(P ′) = u¯(p + q/2); similar definitions hold
for Wµ(P ) and W
∗
µ(P
′). We point out that the matter sources/currents developed in this
Section are for particle 1, i.e., the left vertex in Fig.(1). The second source/current may be
obtained by taking ~q → −~q, ~p→ −~p in the first one.
At this point it is convenient to reinforce the difference between polarization and spin
of the particle. In the fermionic case, we shall denote the expectation value of its spin, σi,
by contracting the basic spinors ξ with the Pauli matrices, namely, 〈σi〉 ≡ ξ†σiξ. The same
idea is applied to the bosonic case, where the spin matrix of the particle is (Si)jk = iǫijk,
with Σij = ǫijkSk, and its expectation value is given by 〈Si〉 ≡ ~ǫ∗j (Si)jk~ǫk.
A remark about our notation: in the process of calculating the amplitude factors, the
form ξ†ξ ≡ δi and ~ǫ ∗ · ~ǫ ≡ δi, with i = 1, 2 labeling the particle, will appear frequently.
10
These indicate a possible spin-flip between initial and final states, and we shall leave the
δ’s explicit in the final expressions, despite the fact that, in general, low-energy interactions
will not induce a change in the spin orientation of the particles involved.
A. Scalar (Klein-Gordon type) exchange
By means of the relations presented in the previous sections, we can carry out the NR
expansion of the S− and PS− of the spin-1 sources. For the S−source of spin-1/2 particles,
we can use the Dirac spinor, eq.(6), and its conjugate, to obtain
JS(s=1/2) = g
1
S
{
δ1
[
1− 1
4m21
(
~p 2 − 1
4
~q 2
)]
− i
4m21
~q · (~p× 〈~σ〉1)
}
. (18)
For the S−source of the spin-1 particles, we obtain the expression below:
W ∗µW
µ =
g1S
2m1
{
−δ1 + 1
2m21
[
(~p · ~ǫ1)
(
~q · ~ǫ ∗1
)
−
(
~p · ~ǫ ∗1
)
(~q · ~ǫ1)− (~q · ~ǫ1)
(
~q · ~ǫ ∗1
)]}
,(19)
which can be written in a more enlightening way if we note that the polarization and
momenta 3-vectors satisfy −i(~q × ~p) · 〈~S〉 = (~p · ~ǫ) (~q · ~ǫ ∗)− (~p · ~ǫ ∗) (~q · ~ǫ). This allows us to
set the spin-1 scalar source as
JS(s=1) = − g
1
S
2m1
{
δ1 +
1
2m21
[
i(~q × ~p) · 〈~S〉1 + (~q · ~ǫ1)
(
~q · ~ǫ ∗1
)]}
. (20)
By proceeding analogously, we can find the pseudo-scalar sources listed below
JPS(s=1/2) = −ig
1
PS
2m1
~q · 〈~σ〉1 (21)
JPS(s=1) = ig
1
PS ~q · 〈~S〉1, (22)
and here we note that both pseudo-scalar sources have the same functional form charac-
terized by the coupling between spin and momentum transfer. In the following, we shall
present the potentials.
Let us calculate a particular case, namely that of S − S interaction, for both s = 1 and
s = 1/2 sources. We start off with the fermionic case. As discussed in the Methodology, the
general amplitude is given by eq.(2) and, in this case,
AS−S = i
q2 −m2φ
J1 J2, (23)
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where we have used the Klein-Gordon propagator, eq.(3), and the momentum assignments
of Fig.(1):
J1 ≡ g1S u¯(p+ q/2) u(p− q/2), (24)
J2 ≡ g2S u¯(−p− q/2) u(−p+ q/2). (25)
At this point, we use the fermionic scalar source presented in eq.(18). This scalar source
remains unchanged by taking q → −q and p→ −p, since it is quadratic in the momenta (it
will only be necessary a change in labels: 1 → 2). If we keep terms up to second order in
the momenta, the amplitude becomes
As=1/2S−S ≃
g1Sg
2
S
~q 2 +m2φ
{
δ1δ2
[
1− 1
4
(
~p 2 − ~q
2
4
) (
1
m21
+
1
m22
)]
+
− i
4
(~q × ~p) ·
[
δ1〈~σ〉2
m22
+
δ2〈~σ〉1
m21
]}
(26)
and the Fourier transformation given in eq.(1) yields the potential:
V
s=1/2
S−S = −
g1Sg
2
S
4π
e−mφr
r
{
δ1δ2
[
1− 1
4
(
~p 2 +
m2φ
4
)(
1
m21
+
1
m22
)]
+
+
(1 +mφr)
4r2
~L ·
(
δ1〈~σ〉2
m22
+
δ2〈~σ〉1
m21
)}
. (27)
As expected, the dominant term is the monopole-monopole given by the Yukawa inter-
action, −δ1δ2 e−mφr/(4πr). We also obtain second-order corrections to this term in the form
of a monopole-dipole with spin-orbit couplings.
The amplitude of the bosonic S−S case presents the same structure as given in eq.(23),
but with the sources below:
J1 ≡ g1S W ∗µ(p+ q/2)W µ(p− q/2), (28)
J2 ≡ g2S W ∗µ(−p− q/2)W µ(−p + q/2). (29)
We follow the same program, i.e., by using the NR limit of the bosonic scalar source,
eq.(20), we obtain
As=1S−S ≃
g1Sg
2
S
4m1m2
(
~q 2 +m2φ
)
{
δ1δ2 +
[
δ1
2m22
[
i (~q × ~p) · 〈~S〉2 +
(
~q · ~ǫ∗2
)
(~q · ~ǫ2)
]
+ 1↔ 2
]}
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and, performing the Fourier integral, we get
V s=1S−S = −
g1Sg
2
S
16πm1m2
e−mφr
r
{
δ1δ2 − (1 +mφr)
2r2
~L ·
(
δ1〈~S〉2
m22
+
δ2〈~S〉1
m21
)
+
+ ζ
[
δ1
2m22r
2
[
δ2(1 +mφr)− (rˆ · ~ǫ2)
(
rˆ · ~ǫ∗2
) (
3 + 3mφr +m
2
φr
2
)]
+ 1↔ 2
]}
, (30)
where the parameter ζ in the last term may assume the values ζ = ±1; in eq.(30) its value
is ζ = 1. However, in the particular situation described in Section IV (a 2-form description
of the massive spin-1 particle), the potential (30) also appears, but with ζ = −1.
Here we notice that this potential describes the same interactions as in the fermionic
case, namely, the Yukawa factor and a spin-orbit term, but it also displays a “polarization-
polarization” interaction term. This observation will be present in other situations in our
comparison between the fermionic and bosonic potentials. Below, we quote the results for
the other bosonic potentials:
V s=1S−PS =
g1Sg
2
PSδ1
8πm1
(1 +mφr)e
−mφr
r2
rˆ · 〈~S〉2 (31)
V s=1PS−PS =
g1PSg
2
PS
4π
e−mφr
r
{(
m2φ +
3mφ
r
+
3
r2
)(
rˆ · 〈~S〉1
)(
rˆ · 〈~S〉2
)
+
−
(
mφ
r
+
1
r2
)
〈~S〉1 · 〈~S〉2
}
. (32)
The fermionic PS − PS and S − PS potentials have the same functional form as the
bosonic ones and, if we neglect a contact term (that is, a δ3(~r) term), these results are very
similar to those obtained by Moody and Wilczek [24] in the context of fermionic sources ex-
changing axions. Indeed, they only differ by a mass factor due the canonical mass dimension
of our coupling constants.
B. Massive vector (Proca type) exchange
Firstly, let us focus on the bosonic case, more precisely, on the spin-1 vector current, JµV .
For the µ = 0 component in eq.(17), we have, in momentum-space
J0V (s=1) = −e1
[
δ1 + δ1
(
~p 2
2m21
+
~q 2
8m21
)]
+
+ (g − 1) e1
2m21
[
(~p · ~ǫ ∗1 )(~q · ~ǫ1)− (~q · ~ǫ ∗1 )(~p · ~ǫ1) + (~q · ~ǫ ∗1 )(~q · ~ǫ1)
]
, (33)
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where the entire second line comes from the g-factor correction term. If g = 1, that line
vanishes and we would have an incomplete description of the electromagnetic interaction
experienced by the vector boson, as seen from eq.(10). Rearranging the equation above and
taking the correct g = 2−value, we obtain the time-component of the spin-1 vector current
in the form
J0V (s=1) = −e1δ1
(
1 +
~p 2
2m21
+
~q 2
8m21
)
+
e1
2m21
[
i(~q × ~p) · 〈~S〉1 + (~q · ~ǫ ∗1 )(~q · ~ǫ1)
]
, (34)
while, by taking µ = i in eq.(17), we get the spatial component as given by
J iV (s=1) = −e1
[
δ1
m1
~pi +
i
m1
ǫijk~qj〈~Sk〉1
]
, (35)
which is very similar with its spin-1/2 counterpart, as we shall see in the following.
The spin-1 pseudo-vector current is simpler: according to its expression in eq.(16), we
can obtain the following NR limits for µ = 0 and µ = i as:
J0PV (s=1) =
ig1PV
2m1
~q · 〈~S〉1 (36)
J iPV (s=1) = −
g1PV
2m21
{[(
~p− 1
2
~q
)
· ~ǫ1
](
~q × ~ǫ ∗1
)
i
−
[(
~p+
1
2
~q
)
· ~ǫ ∗1
]
(~q ×~ǫ1)i
}
. (37)
We present below the corresponding fermionic currents with the purely vector cases also
carrying the electromagnetic coupling constant:
J0V (s=1/2) = e1
{
δ1
[
1 +
1
4m21
(
~p 2 − 1
4
~q 2
)]
+
i
4m21
(~q × ~p) · 〈~σ〉1
}
(38)
J iV (s=1/2) = e1
[
δ1
m1
~pi − i
2m1
ǫijk~qj〈~σk〉1
]
, (39)
J0PV (s=1/2) =
g1PS
m1
~p · 〈~σ〉1, (40)
J iPV (s=1/2) = g
1
PV
{[
1− 1
4m21
(
~p 2 − 1
4
~q 2
)]
〈~σi〉1 − iδ1
4m21
(~q × ~p)i +
+
1
2m21
[
(~p · 〈~σ〉1) ~pi − 1
4
(~q · 〈~σ〉1) ~qi
]}
. (41)
Unlike the V− and PV− currents of the spin-1/2 case, the V− and PV− currents of the
spin-1 field, as defined in Lagrangian (16) (marked by the V and PV coupling constants),
always carry an explicit derivative. At high energies, this extra momentum factor must
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dominate, but not in the NR limit. This extra derivative affects the way these currents
interact with the gauge sector, specially in the case of spin-1. Furthermore, it is interesting to
emphasize other differences between the fermionic and bosonic currents above. By comparing
the vector currents, we notice essentially an extra term in the bosonic case associated with
the contribution of the polarization, (~q ·~ǫ)(~q · ~ǫ∗). The PV−currents display more remarkable
differences. For example, for the µ = 0 component, eqs.(36) and (40), we observe that the
spin of the fermion couples to the average momentum, ~p, while for the bosons the spin
couples to the momentum transfer, ~q. For the µ = i components, we have many differences
due to the spin terms (see eqs.(37) and (41)). These special features will be responsible for
the different behaviors of the bosonic and fermionic potentials.
Let us now discuss the potentials involving V− and PV− currents mediated by a Proca-
type particle. As already done in the previous Subsection, we shall exemplify the calculation
through a particular configuration, and then quote the final results. We choose to calculate
one of the simplest cases, the V − PV interaction between s = 1 currents, since this case
contains all the necessary elements to understand the other (lengthier) evaluations.
The amplitude is given by
As=1V−PV = iJµ1 〈AµAν〉 Jν2 = −
1
~q 2 +m2A
Jµ1 J2µ, (42)
where we have used current conservation, qµJµ = 0, to eliminate the longitudinal contri-
bution of the Proca-type propagator, eq.(4). In this particular case (s = 1), both currents
are conserved. We need therefore to simplify the contraction Jµ1 J2µ and, according to our
assumptions, only the J01 J2 0 piece will contribute in the NR limit; so,
As=1V−PV ≃ −i
e1g
2
PV δ1
2m2
~q · 〈~S〉2
~q 2 +m2A
, (43)
and we finally calculate the Fourier integral to obtain
V s=1V−PV = −
e1g
2
PV δ1
8πm2
(1 +mAr)e
−mAr
r2
rˆ · 〈~S〉2 . (44)
In a similar way, the case with s = 1/2 currents leads to
V
s=1/2
V−PV = −
e1g
2
PV
4π
e−mAr
r
{
δ1~p · 〈~σ〉2
[
1
m1
+
1
m2
]
+
(1 +mAr)
2m1r
[〈~σ〉1 × 〈~σ〉2] · rˆ
}
(45)
and here the PV− current is not conserved; however, the conservation of the V− current
ensures that qµqν term of the Proca propagator drops out.
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As we have already seen in the discussion of the currents, the PV− currents of s = 1/2
and s = 1 exhibit remarkable differences and these explain why the potentials behave so
differently. We anticipate that only this fermionic case yields the interaction with the ~p · 〈~σ〉
dependence and the spin-spin contribution of the form 〈~σ〉1 × 〈~σ〉2. In the bosonic case, we
have the rˆ · 〈~S〉 dependence, but this is not exclusive of the V − PV interaction, it also
appears in the S − PS bosonic potential. The other potentials, V − V and PV − PV , are
listed below. First, the fermionic ones:
V
s=1/2
V−V =
e1e2
4π
e−mAr
r
{
δ1δ2
[
1 +
~p 2
m1m2
+
(
1
4m21
+
1
4m22
)(
~p 2 +
m2A
4
)]
+
− (1 +mAr)
2r2
~L ·
[(
δ1〈~σ〉2
2m22
+
δ2〈~σ〉1
2m21
)
+
(
δ1〈~σ〉2
m1m2
+
δ2〈~σ〉1
m1m2
)]
+
+
1
4m1m2r2
〈~σ〉1 · 〈~σ〉2
(
1 +mAr +m
2
Ar
2
)
+
− 1
4m1m2r2
(〈~σ〉1 · rˆ) (〈~σ〉2 · rˆ)
(
3 + 3mAr +m
2
Ar
2
)}
, (46)
where we can read the electromagnetic potential by setting mA = 0; here e1 and e2 stand
for the respective (electric) charges of the particles.
For the PV − PV case we obtained
V
s=1/2
PV−PV = −
g1PV g
2
PV
4π
e−mAr
r
{
〈~σ〉1 · 〈~σ〉2
[
1− 1
4
(
~p 2 +
m2A
4
+
mA
2r
+
1
2r2
)(
1
m21
+
1
m22
)]
+
+ (〈~σ〉1 · ~p) (〈~σ〉2 · ~p)
(
1
m1m2
+
1
2m21
+
1
2m22
)
+
+
(1 +mAr)
4r2
~L ·
(
δ2〈~σ〉1
m22
+
δ1〈~σ〉2
m21
)
+
+
1
8r2
(〈~σ〉1 · rˆ) (〈~σ〉2 · rˆ)
(
1
m21
+
1
m22
)(
3 + 3mAr +m
2
Ar
2
)}
+V
s=1/2
PV−PV−LONG , (47)
where
V
s=1/2
PV−PV−LONG ≡
g1PV g
2
PV
4π
e−mAr
r
{(
3
m2Ar
2
+
3
mAr
+ 1
)
(rˆ · 〈~σ〉1) (rˆ · 〈~σ〉2) +
−
(
1
m2Ar
2
+
1
mAr
)
〈~σ〉1 · 〈~σ〉2
}
. (48)
The fermionic PV −PV potential presents some peculiar aspects as an inheritance of the
non-conserved PV− currents. First of all, in contrast to other cases, we had to take into
account the longitudinal part of the Proca propagator in our calculations. By doing that,
we obtain the contribution we have denoted by V
s=1/2
PV−PV−LONG in eq.(48). For this reason,
this potential is not well defined in the massless limit (mA → 0) of the exchanged particle
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and the excitation of the unphysical spin-0 component of the massive vector boson (∂µA
µ
does not decouple any longer) jeopardises the unitarity of the model under study.
In order to give a consistent interpretation and circumvent the unitarity problem, we
propose the following physical scenario: the exchanged boson is relatively heavy (m1, m2 >
mA ≫ |~q|) and we are bound to work at energy and momentum-transfer levels much below
mA, so that we are far under the threshold for the excitation of the unphysical longitudinal
mode of Aµ as justified by the hierarchy of masses stated above. We highlight two aspects
concerning the potential specified by eqs. (47) and (48):
• We are working in the low momentum-transfer limit and, according to the uncertainty
principle, one has the interaction range approximated by r ∼ 1/|~q|. With this and the
above hierarchy, we have r > 1
mA
> 1
m1
, 1
m2
, which ensures that we are considering
the potential for distances larger than the Compton wavelengths of the s = 1 particles
that act as external currents. This is consistent with the fact that the potential is a
meaningful quantity for macroscopically large distances.
• Though our non-conserved pseudo-vector current couples to a massive vector boson,
the fact that we are working in a low-energy regime (NR approximation, having in mind
heavy m1 and m2) keeps us away from the danger of non-unitarity, which shows up
in the high-energy domain (E ≫ mA), so we conclude that the contribution described
by eq.(48) is physically meaningful.
The spin-1 V − V potential has the form:
V s=1V−V =
e1e2
4π
e−mAr
r
{
δ1δ2
[
1 +
~p 2
m1m2
+
(
1
m21
+
1
m22
)(
~p 2
2
− m
2
A
8
)]
+
+
(1 +mAr)
r2
~L ·
[
1
m1m2
(
δ1〈~S〉2 + δ2〈~S〉1
)
+
(
δ1
2m22
〈~S〉2 + δ2
2m21
〈~S〉1
)]
+
+
1
m1m2r2
[
〈~S〉1 · 〈~S〉2
(
1 +mAr +m
2
Ar
2
)− (rˆ · 〈~S〉1)(rˆ · 〈~S〉2) (3 + 3mAr +m2Ar2)]+
− ζ
[
δ1
2m22r
2
(
δ2 (1 +mAr)−
(
3 + 3mAr +m
2
Ar
2
)
(rˆ · ~ǫ2)
(
rˆ · ~ǫ∗2
))
+ 1↔ 2
]}
, (49)
where, as appears in eq.(30) for V s=1S−S, we have introduced the parameter ζ . Again, its value
in the vector field representation is ζ = +1, whereas ζ = −1 in the case of the tensor
field parametrization. We shall be more specific about this point in the next section. The
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electromagnetic potential for the spin-1 charge carriers correspond to the choice mA = 0,
with e1 and e2 denoting the electric charges of the particles. In this case one clearly sees
that the electromagnetic Coulomb interaction dominates at leading order for both spin-1/2
and spin-1 currents and, at this level, their respective potentials are indistinguishable.
Finally, the bosonic PV − PV potential
V s=1PV−PV = −
g1PV g
2
PV
16πm1m2
e−mAr
r3
{(
3 + 3mAr +m
2
Ar
2
) (
rˆ · 〈~S〉1
)(
rˆ · 〈~S〉2
)
+
− (1 +mAr) 〈~S〉1 · 〈~S〉2
}
(50)
and here we recall that the PV− current for s = 1 is conserved, contrary to what happens
with s = 1/2. Therefore, this potential does not present the problems of its fermionic
counterpart.
By comparing the results, we notice very similar spin-dependence in both V−V potentials,
such as spin-orbit and spin-spin interactions. However, the bosonic case has additional
terms with monopole-monopole and the polarization-polarization interactions (see the last
term in eq.(49)). From the fermionic PV −PV potential, we observe an exclusive spin-spin
interaction with a (〈~σ〉1 · ~p ) (〈~σ〉2 · ~p )−dependence. The bosonic case does not present these
interactions and it reveals the same functional spin-dependence of the PS − PS potential,
eq.(32).
To conclude this Section, in possession of the potentials we have calculated for spin-1
charged currents/sources, we point out the possibility to apply our results to the study of
the recently discovered heavy hyperhydrogen [31] and hyperhelium [32]. To study the details
of the spectroscopy of the excited spin-1 states of Λ−hypernuclei, a careful analysis of the
spin dependence of the potentials is needed (e.g. see Ref. [42]) and, in the particular case of
the spin-1 states of the hypernuclei, such an analysis was actually lacking in the literature.
Though we are not working out these applications in the present paper - it is out of our
scope here - we endeavour to connect our results to the study of the excited spin-1/2 and
spin-1 states of heavy hypernuclei. We shall report on that elsewhere.
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IV. TENSOR FIELD REPRESENTATION
We have discussed above the spin-1 particle in terms of the familiar vector field repre-
sentation, but this is not the only possibility [19][36]. On-shell, a massive charged spin-1
particle may well be described by a complex 2-form gauge field as given below:
Ltens. = −1
6
G∗µνκGµνκ + 1
2
m2B∗νκBνκ + ie(g − 1)FνµBµκB∗νκ, (51)
with Gµνκ = DµBνκ + DκBµν + DνBκµ being the associated gauge-covariant 3-form field-
strength. The equations of motion are found to be
DµGµνκ +m2Bνκ + ie(g − 1)BµκFνµ + ie(g − 1)BνµFκµ = 0. (52)
Following similar arguments as in the Methodology, in the rest frame, we have
B0irest = 0 (53)
Bijrest = ǫijk~ǫk, (54)
where ~ǫ is the polarization 3-vector in the rest frame of the particle. By suitably applying
a Lorentz boost we attain the final form for Bµν in the LAB system:
B0i =
NB
m
ǫijk~ǫj ~Pk (55)
Bij = NB
{
ǫijk~ǫk +
1
m(E +m)
[
~Pi(~ǫ× ~P )j − ~Pj(~ǫ× ~P )i
]}
, (56)
where the second term in eq.(56) and the spatial component of eq.(13) can be shown to be
analogous: it suffices to consider a specific direction and use the vector identity ~a× (~b×~c) =
(~a · ~c)~b− (~a ·~b)~c. The normalization is given by NB = 1/(2
√
m).
To study the matter sources and currents for this particular representation, we state
below the interaction Lagrangian that contemplates all the couplings we are interested in:
Ls=1int =
[
gSB
∗
µνB
µν + gPSB
∗
µνB˜
µν
]
φ+
+ igV [G
∗µνκBνκ −GµνκB∗νκ + (g − 1)∂ν (BναB∗µα −B∗ναBµα)]Aµ +
+ igPV
[
G∗µνκB˜νκ −GµνκB˜∗νκ
]
Aµ, (57)
where the coupling constants have the following canonical mass dimensions: [gS] = [gPS] = 1
and [gV ] = [gPV ] = 0. The 3-form field-strength, Gµνκ, does not include the gauge-covariant
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derivative. As previously discussed in connection with the gauge current in the vector field
representation, the vector current we present below is the one to order e upon use of the
subsidiary condition with the ordinary derivative, that is, the free subsidiary condition,
which is compatible with our procedure to get the potential to order e2.
Following this prescription, we obtained the same result as Delgado-Acosta et al [19] in
terms of the {p, q} momentum variables, namely,
J µV (p, q) = 2epµB∗αβBαβ + iegqσB∗λκ (ΣµσT )λκ,αβ Bαβ, (58)
where
(ΣκσT )µν,αβ =
1
2
[
ηµα (Σ
κσ
V )νβ − ηνα (ΣκσV )µβ + ηνβ (ΣκσV )µα − ηµβ (ΣκσV )να
]
(59)
is the spin generator of the tensor field representation and, from now on, the symbol J shall
denote the momentum-space sources/currents in the tensor field representation.
The NR sources/currents in this representation read:
JS(s=1) =
g1S
2m1
{
δ1 +
1
2m21
[
i(~q × ~p) · 〈~S〉1 + δ1~q 2 − (~q · ~ǫ1)
(
~q · ~ǫ ∗1
)]}
(60)
JPS(s=1) = −
ig1PS
2m21
~q · 〈~S〉1 (61)
J 0V (s=1) = e1
{
δ1
(
1 +
~p 2
2m21
+
~q 2
8m21
)
− e1
2m21
[
i(~q × ~p) · 〈~S〉1 + δ1~q 2 − (~q · ~ǫ1)
(
~q · ~ǫ∗1
)]}
(62)
J iV (s=1) = e1
[
δ1
m1
~pi +
i
m1
ǫijk~qj〈~Sk〉1
]
(63)
J 0PV (s=1) = −
ig1PV
2m1
~q · 〈~S〉1 (64)
J iPV (s=1) ∼ O(v2). (65)
The sources/currents of the two different spin-1 representations are very similar in the
spin sector. Basically, a global sign distinguishes one from the other in every case, but this
sign does not interfere in the evaluations of the amplitude. The only exception is the spatial
component of the pseudo-vector current, where we notice some differences in the functional
form. Nevertheless, this detail is irrelevant, because its contribution to the PV − PV or
V − PV potentials leads to terms of order higher than two in the momenta, which we are
currently ignoring in our calculations. For this reason, we refrain from giving the explicit
(lengthy) form of J iPV (s=1) and only indicate its order.
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The remarkable differences appear in the polarization sector of the scalar source and
time-component of the vector current. We recall that, in the vector field representation,
eqs.(20) and (34), we have obtained the following polarization-dependence:
(~q · ~ǫ)(~q · ~ǫ∗) = ~q 2
(
~qi~qj
~q 2
)
~ǫi~ǫ
∗
j , (66)
while in the tensor case, see eqs.(60) and (62), we have
δ~q 2 − (~q · ~ǫ)(~q · ~ǫ∗) = ~q 2
(
δij − ~qi~qj
~q 2
)
~ǫi~ǫ∗j . (67)
According to these results, the two representations differ also due to opposite projections
in the contribution coming from the polarization; this could be associated with the particular
representation of the spin-1 we are dealing with. Let us be more specific: in order to evaluate
the NR limit of these particular cases, we had to take into account the “weak” contributions
(those with momenta) of the fields, such as the components W 0 ∼ ~P · ~ǫ, B0i ∼ (~P × ~ǫ)i,
see eqs.(13) and (56), respectively, and the analogues present in ~W and Bij . These different
couplings between momenta and polarization, ~P · ~ǫ and ~P × ~ǫ, arise due to the Lorentz
boost to the LAB frame and produce the observed longitudinal and transverse projections
appearing in eqs.(66) and (67) above.
These results (eqs.(66) and (67)) raise a question concerning the vector or axial character
of the spin-1 particle. In the W µ-case, we are assuming a vector-like particle. In the tensor
representation, let us take the components as B0i = −B0i ≡ ~Xi and Bij = Bij ≡ ǫijk~Yk.
On-shell, in the rest frame of the particle, all the degrees of freedom (d.f.) are carried by
~Y (with ~X = ~0). Going over to the LAB-system, the tensor representation gives ~X ∼ ~P × ~Y .
So, in a frame-independent way, the on-shell d.f. are actually described by ~Y . The form of
the vector current is insensitive to the vector or axial behavior of ~Y , as we may conclude
by a close inspection of the J µ current expressed in terms of ~X and ~Y . If ~Y is vector-like,
then ~X must be axial, and vice-versa. Therefore, we confirm that the minus sign difference
highlighted above is always present as a consequence of the choice of representation (vector
or tensor), regardless of whether the particle is vector- or axial-like.
At this point, it is instructive to discuss why we do not observe functional differences
in all sources/currents, but only a global (numerical or mass) factor. For example, by
comparing the spatial component of the vector currents, eqs.(35) and (63), we notice that
the first contribution is of order O(v). One can check that the next correction should be
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O(v3), which we are neglecting in this work. Similar arguments apply to the other cases.
Therefore, we could only achieve possible different profiles in these currents if we consider
the relativistic corrections to higher orders.
By using the same methodology as in Section III it can be shown that the V − PV and
PV − PV potentials are identical to the results obtained in the vector field representation,
eqs.(44) and (50), while the S−PS and PS−PS only differ by global mass factors, (1/2m22)
and (1/4m21m
2
2), respectively, due to the normalization and the different canonical mass
dimension of the coupling constant gPS (see eqs.(16) and (57)). The other two potentials,
S − S and V − V , have, respectively, the following profiles:
V TS−S = V
s=1
S−S
∣∣∣
ζ=−1
+
g1Sg
2
S
16πm1m2
e−mφr
r
[
δ1δ2
m2φ
2
(
1
m21
+
1
m22
)]
(68)
V TV−V = V
s=1
V−V
∣∣∣
ζ=−1
+
e1e2
4π
e−mAr
r
[
δ1δ2
m2A
2
(
1
m21
+
1
m22
)]
. (69)
The difference between the two representations in both S−S and V −V cases appears as
monopole-monopole terms and results in opposite behaviors in the polarization-polarization
sector, since ζ = +1 and −1 in the vector and tensor representation, respectively. Actually,
these are consequences of what we have seen in the discussion above about the scalar source
and time-component of the vector current.
In general, we cannot distinguish between the vector and tensor field representations for
the s = 1 by only considering the spin-dependent sector of the potentials. We emphasize that
the differences are suppressed because they only show up in order O(v2) in the amplitude.
This is so because we are here bound to consider only dipole contributions. If we extend our
calculations to also include quadrupole effects, the differences in the V − V potentials for
the vector and tensor representation of the spin-1 might become evident, as we could expect
from the studies reported in Ref. [19]. The consequences of the quadrupole moments of the
two representations are interesting to be investigated and we intend to report on that in a
forthcoming work [43].
V. CONCLUDING REMARKS
In this paper, we focused our attention on the special properties of the spin-spin depen-
dence of the source/current−source/current interaction potential in the non-relativistic limit
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for spin-1 and spin-1/2 charged matter particles. Our results indicate some universalities
between bosons and fermions when exchanging scalar and vector particles. Essentially, we
observe very similar contributions in the spin-sector of the S − S, S − PS, PS − PS and
V − V potentials. The main differences show up in connection with PV− currents, namely,
the V − PV and PV − PV potentials.
We highlight here a result presented in Section IV: the non-trivial consequences of choos-
ing a particular field representation for the spin-1 particle. Even if the vector and tensor
representations are equivalent on-shell (and the particles in the source/current are on-shell),
the results for the S − S and V − V potentials do differ. The justification was given in the
aforementioned Section and we claim that, by including higher-order terms in the relativistic
corrections, quadrupole moments appear and the differences become explicit.
Furthermore, we do not present a discussion on the bosonic and fermionic (pseudo-)tensor
currents exchanging a 2-form gauge field. However, according to preliminary results of a
work in progress, it is worthwhile to comment that the case of bosonic sources/currents
would yield interesting new interactions involving spin-polarization couplings, e.g. ~ǫ1 · 〈~S〉2.
To close this report, we point out a question that might be addressed to with the help
of our results on the comparison between the classes of potentials describing the interaction
between spin-1/2 and spin-1 matter sources/currents. For the fermionic case, the electro-
magnetic potential does not couple to the particle density, as it happens instead for spin-0
and spin-1 charged matter.
If a charged spin-1 field,W µ, is non-minimally coupled (see eq.(10)) to the electromagnetic
field, we have
∂µF
µν − 2e2 (W ∗µW µ)Aν + e2 [W ∗ν (WµAµ) +W ν (W ∗µAµ)] =
= Jνglobal + ie∂µ (W
µW ∗ν −W ∗µW ν) (70)
where Jνglobal = −ie
(
W ∗µW
νµ −W ∗νµWµ
)
and Wνµ ≡ ∂νWµ−∂µWν . The second term of the
RHS contributing to Jν stems from the non-minimal coupling from eq.(10) and is mandatory
to ensure g = 2 for the charged spin-1 boson.
From eq.(70), two interesting properties of the electromagnetic interactions of spin-1 mat-
ter fields are made explicit: the London-type term that couples Aµ to the density of carriers
and the new interaction between the photon and the charged boson through their polariza-
tion vectors. These special aspects are expected to influence the inter-particle potential only
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if we take loop effects into account.
However, the e2−terms in eq.(70) introduce singularities associated to the point-like ide-
alization of spin-1 charged matter particles. The 1962 paper by Dirac [44] and the recent
works by Fabbri [45] and Dain [46] address the issue of extensibility in connection with
charged particles.
In the present paper, we do not calculate classical field configurations generated by spin-1
currents; instead, we build up interaction potentials by means of a semi-classical calculation,
so we do not run into the complications yielded by the singularities mentioned above. It
would be nevertheless worthwhile to analyse the details of the connection between particle
extension, mass, charge and spin. The electrodynamics of bosonic carriers seems to suggest
that the point-like idealization of charged particles is indeed very restrictive.
We hope to carry on with our studies in this direction and to make use of our results for
the spin-1 potentials to get a deeper insight in the understanding of the electrodynamical
properties of charged bosonic fields in the classical regime.
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